Summary. Continuum damage theories can be applied to simulate the failure behaviour of engineering constructions. In the constitutive equations of the material a damage parameter is incorporated. A damage criterion and a damage evolution law are postulated and quantified based on experimental data. The elaboration of the mathematical formulation is performed by common finite element techniques. Without special precautions the numerical results appear to be unacceptably dependent on the measure of the spatial discretization. It is shown that a simple but effective procedure leads to the conservation of objectivity.
Introduction
The continuous progression of local tensile fracture processes is often the determining mechanism for the occurrence of fatal failure of construction materials. In engineering practice a number of strategies can be pursued to predict when the external loads cause the exceed of the limits of internal coherence. Among the alternatives, continuum damage mechanics approaches (reference is made to Kachanov [1] , Lemaitre [2] and Chaboche [3] for introductory treatises) have gained an increasing interest the last decade. The implementation in finite element programs provides the applicability in structural analysis.
The extension of nonlinear finite element software (Bathe [4] ) with a distributed damage option can be performed in a straightforward manner. At integration point level the constitutive description has to be adapted such that the material degeneration, leading to softening (decreasing stress at increasing strain) and eventually to cracking, is taken into account. However, recent numerical experiences show that severe difficulties may arise with respect to mesh sensitivity (Pietruszczak and Mroz [5] , Bazant et al. [6] , Needleman [7] ). Localization of the deformation, characteristic for strain-softening behaviour, develops over a region which is dependent on the size of the elements. Mesh refinement results in a smaller width of the localization band and reduces the global energy dissipation. The damage tends to localize in a zone of vanishing volume and consequently the energy dissipation decreases to physically unrealistic values. A one-dimensional consideration of the softening of brittle materials suffices to elucidate the essential problem.
Suppose that a bar (with a uniform cross-sectional area) is submitted to a uniaxial tensile stress ~r(t). The (pseudo-) time variable t does not indicate explicit time dependence but will only serve here as a parameter defining subsequent states of the bar. The local mechanical behaviour of the bar material under tensile loading (virtually to be determined by an experimental procedure as proposed by Mazars et al. [8] ) is assumed to be described by a relationship between the axial stress a(t) and the axial strain e(t) as visualized in Fig. 1 
respectively, with Young's modulus E and tensile strength ft; complete loss of stiffness occurs at the critical strain ~c-Although the validity of(l) is accepted for every material point of the bar, the global response is generally not a reflection of the behaviour at local level, and reversely. Softening causes the well-known ambiguity of equilibrium solutions for an initially homogeneous bar (Bazant [9] and [10] , Schreyer and Chen [11] , de Borst and Mfihlhaus [12] ): when after continuous straining o-(t) reaches the maximum value ft, the state of a separate material point may follow the softening branch, but may descend along the elastic branch as well. If the loading process is performed on a bar with imperfections, deformation will localize in the weakest cross-section in combination with a vanishing energy dissipation. As a consequence of conventional local constitutive modelling finite element calculations show similar physically unacceptable phenomena; spurious mesh sensitivity is the most striking feature. To avoid the problem outlined above the introduction of a localization limiter, associated with a characteristic material dimension, is required. A number of distinguishable techniques (Simo [13] ) can be employed for this purpose, leading to a regularization of the modelling of reality. In this paper the sophisticated methods, based on a nonlocal formulation of the constitutive behaviour (Saouridis and Mazars [14] ) or on the incorporation of the gradient of strain in the modelling equations (Triantafyllidis and Aifantis [15] ), will be left out of consideration. The implementation of these methods in a standard finite element code is rather complicated. The attention will be focussed on a simple (in an ordinary code) mesh related modification of the material properties in order to achieve objectivity.
Section 2 presents the fundamentals of the constitutive modelling. The application of the model and the computational elaboration are reported in Section 3. For various element meshes the mechanical response of a plane stress configuration has been calculated; the differences demonstrate the deficiencies in the classical approach mentioned previously. In Section 4 the correcting procedure is outlined. The width of the localization zone, which should be interpreted as a material property, is embedded in the algorithms on element level. The positive influence of the modification is clearly shown by the results.
Constitutive modelling
To support the explanation of the basic idea, in this paper the behaviour of brittle materials under mechanical loads is taken as an example. This behaviour is affected by the development, continuous growth and coalescence of microcracks, leading to the formation and propagation of macrocracks and eventually to rupture. The continuum damage approach, first elaborated by Kachanov [16] to model creep fracture, is characterized by the introduction of separate fields of damage variables which are measures for the local deterioration of the material. By the incorporation of the damage variables into the constitutive relationships the effect of defects on the material behaviour can be described. The following theory (reference is made to Brekelmans et al. [17] ) will be confined to elastic material behaviour influenced by isotropic damage, denoted by D. As viscous or plastic strain contributions are left out of consideration, the damage D is the only relevant internal variable.
The damage D is a monotonously increasing scalar quantity, 0 _< D < 1, expressing the level of material degradation; initially undamaged material is characterized by D = 0, the complete loss of stiffness and coherence by D = 1. The quantity (1 -D) represents the stress reduction factor caused by damage and participates in the relationship between the Cauchy stress tensor a and the linear strain tensor ~ according to
with Young's modulus E, Poisson's ratio v and with I the identity tensor. The constitutive model is completed by the damage criterion and the damage evolution equation. The damage criterion defines the strain states with potential increase of damage. For the specification a scalar measure of strain, the damage equivalent strain, ea = ea(~)> 0, is introduced. For brittle material an appropriate (modified von Mises, see [18] ) expression for ea is given by
with J~ and J2 invariants of the strain tensor defined by
and with k the ratio of the compressive strength and the tensile strength for a uniaxially loaded bar. It can easily be verified that for such a bar, with axial strain e, the damage equivalent strain ee satisfies
ed=--e/k if e<0.
The damage growth criterion states that increase of damage is only possible if actually e d increases and equals a (simultaneously increasing) threshold value n > 0, the damage remains constant if e d is not increasing or if ed is smaller than ~; mathematically formulated as /)>0 if ~a>0 andif ea=~,
/)=0 if ~a<0 orif ea<z.
The actual value z(t) of the threshold x is determined by the history of the damage equivalent strain {ca(z); z < t)} and can consistently be written as
with z~ the initial threshold value. The representation in strain space of strain tensors satisfying ed(e) --Z(t) = 0 constitutes the actual damage surface; for strains mapped "inside" of this surface the material behaviour is reversible, only for strains "on" the surface damage growth may
OCCUr.
The damage evolution is, in harmony with (7), assumed to be governed by the expressions
D=I if z>zc, adopted from Carmeliet [19] , experimentally established for mortar. With Zc the critical failure value (with complete loss of local stiffness) of the damage equivalent strain has been denoted. By (9) the damage evolution has been defined such that a linear softening curve occurs for uniaxial stress (and with respect to Fig. 1 
these expressions imply et = zi and ec = Zc).
To recapitulate, Eqs. (2), (3), (4), (5), (8) and (9) enable the determination of the stress tensor a for a prescribed deformation history and consequently accomplish the constitutive modelling; besides the elastic properties E and v, the ratio k and the damage quantities z~ and xc should complementary be specified.
Finite element application
For a continuous configuration, externally subjected to prescribed loads and/or displacements as a function of (pseudo-) time, it is required that the equilibrium equations and the constitutive relationships are locally satisfied at any stage of the loading process. The actual simulation of the progress of this process is performed by an incremental approach to deal with the damage associated history dependence: the calculation of the interesting quantities is executed for a discrete number of subsequent time steps. A suitable numerical procedure is necessary for the analysis on increment level. The finite element method is generally accepted as the appropriate solution technique. It is beyond the scope of this paper to enter into details of the fundamentals of this approximation method and the specific implementation.
To examine the applicability of the developments previously described, a square plate (0.2 * 0.2 m 2) with a central circular hole (diameter 0.1 m) is considered under plane stress conditions, see Fig. 2 . As indicated, the displacement in positive y-direction of the upper boundary (y = +0.1 m) is prescribed (monotonously increasing) while the displacement in y-direction of the lower boundary (y = -0.1 m) is suppressed. The other boundaries are traction-free. With reference to Carmeliet [19] , the relevant material data are: E = 6000 MPa, v = 0.3, k = 10, ~i = 2.1 9 10 -4, ~c = 2.8 * 10 -2.
The numerical calculation is performed for the right-hand part of the plate, using three different meshes (see Fig. 3 ) of isoparametric four-node elements with a bilinear displacement field and four integration points. Symmetry with respect to the x-axis is left out of consideration in order not to disturb the damage evolution which is expected to be situated in the vicinity of that axis. Figure 4 shows the average resulting stress on the upper boundary as a function of the displacement in y-direction. The mesh sensitivity is clearly demonstrated. The dissipated energy becomes smaller if the element size is reduced. This inadmissible computational result is a direct consequence of the localization of damage in one single band of elements (for the present example in the row of elements positioned on the x-axis). The energy dissipation appears to be proportional to the size of the elements involved. This observation leads to the key to regularize the mesh dependence in local continuum damage approaches. The following Section presents an adequate regularization strategy, applicable in finite element calculations.
Modified procedure
For brittle solids the band width of the localization zone of the strains (and consequently the damage) is considered to be a characteristic property of the material (Bazant and PijaudierCabot [20] ). This length parameter, related to the internal (heterogeneous) microstructure, is denoted by 2. In a uniaxial experiment on softening material (see Eq. (1) and Fig. 1 ), where the damage is localized in the vicinity of the fatal crack, the dissipated energy Ud per unit crack surface can be written as
For the particular formulation of the damage evolution defined by Eq. (9) it can easily be shown that Eq. (10) simplifies to In finite element calculations (using an ordinary nonlinear implementation extended with distributed damage facilities) the energy dissipation will be in agreement with physical experience only if the size of the elements in the fracturing area is chosen according to the parameter 2 (Rots [21] ). This approach, however, enters severe restrictions in the flexibility of spatial discretization. The disadvantage is avoided by the introduction of a mesh dependent algorithmic constitutive description (as discussed by Simo [13] ). Considering that for the present modelling the energy Ud is a linear function of the term (2Zc) as has been derived in Eq. (11), the adaptation to achieve improvement is simple: it suffices to replace ~c in Eq. (9) by 2 (Zc)algorithmic = ~--(7~c)material (12) ne at elemental level with he related to the element size. For regular meshes in two-dimensional configurations, consisting of almost perfectly square elements (based on a bilinear displacement discretization and with four integration points) with surface Ae, the value of he can be taken equal to ~/~. A discussion of the relationship of h e and the specific discretization has been presented by Rots [21] .
The effectiveness of the modification expressed by (12) is illustrated in Fig. 5 . For the plane stress problem defined in the previous Section, the computed responses for the different meshes of Fig. 3 are shown, now based on the input of the algorithmic value of the parameter zc instead of the intrinsic material value. The value for the parameter 2 has been taken equal to 0.01 m (Carmeliet [19] ). A comparison of Figs. 4 and 5 evidently shows the merits of the correcting procedure.
Concluding remarks
Continuum damage mechanics concepts are powerful to numerically analyse the behaviour of materials in the softening regime, provided that adequate precautionary measures are taken to limit the localization of the strains and consequently of the damage. In a (nonlinear) finite element context a simple regularization approach has been elaborated. The particular merits were demonstrated for a brittle material example. The mechanical responses obtained with three different displacement discretizations proved to be practically similar after activating Eq. (12) . The meshes, which have been displayed in Fig. 3 , have in common that the development of a straight localization band is allowed. This implies that the simulations have been performed for the situation with a minimum in crack length, associated with minimum dissipated energy. If simulations based on meshes with arbitrary oriented elements are executed, the dissipation will slightly increase, reflecting the case of a non-straight crack mode. The involved variations in the analysis results, caused by accidental mesh choices, are supposed to be acceptable as also physical reality shows stochastic features (van der Varst et al. [18] and Mazars [22] ). It would be an interesting item to investigate whether the physical and computational variations can be interrelated.
The method described here reduces the mesh sensitivity with respect to the global behaviour of softening configurations. Additionally, although out of the scope of this paper, structural size effects (see Saouridis and Mazars [14] ) are taken into account. Due to the manipulation of material properties, local deformation is definitely not reliably simulated. This defect should be considered as the principal disadvantage of the procedure, however, for numerous applications not really important.
